We demonstrate that in addition to the usual fourth-rank superfield (W abcd ) which describes the on-shell theory, a spinor superfield (J α ) can be introduced into the 11D geometrical tensors with engineering dimensions less or equal to one in such a way to satisfy the Bianchi identities in superspace. The components arising from J α are identified as some of the auxiliary fields required for a full off-shell formulation. Our result indicates that eleven dimensional supergravity does not have to be completely onshell. The κ -symmetry of the supermembrane action in the presence of our partial off-shell supergravity background is also confirmed. Our modifications to eleven-dimensional supergravity theory are thus likely relevant for M-theory. We suggest our proposal as a significant systematic off-shell generalization of eleven-dimensional supergravity theory.
Introduction
There has been a revival of interest in eleven-dimensional (11D) supergravity theory [1] . This revival is occurring within the context of strong/weak duality [2] between 10D type-II superstring theories [3] , and 11D supermembrane theory [4] , and as a important component of a newly proposed fundamental theory called "M-Theory" [5] suggested to provide a unifying paradigm from which perhaps all superstring and heterotic string theory and various known (as well as unknown dualities) can be derived. If such an underlying theory exists in 11D, we expect its background sector to have a much richer structures than the original 11D supergravity theory [1] . This speculation looks natural, when we recall that 10D superstring theory [3] generated chiral fermions with no cosmological constant unlike the original 11D supergravity [1] .
As for any significant generalization or modification of 11D supergravity [1] , there had been tantalizing speculations on the possibility of higher-derivative terms [6] even prior to the re-birth of string theory. Within superstring theories it is known that higher curvature terms, like the α ′3 ζ(3) correction from N = 2A superstring to 10D, N = 2 supergravity, exist. In the superspace approach [7] for example, the search for higher-order terms via a method similar to that developed for superstring corrections to 10D, N = 1 supergravity [8] [9] at first looks impracticably complicated, due to the 32 × 32 matrix representation of the Clifford algebra in 11D, as well as the absence of a dilaton field that could simplify computations [8] . In a component formulation in ref. [10] , some generalized Chern-Simons terms were tentatively added to the 11D supergravity Lagrangian [1] , but unfortunately the supersymmetric invariance of the total action was not confirmed as expected. There have been some works dealing with auxiliary fields for 11D supergravity [11] , but they provide no systematic construction of the off-shell formulation. At the present time, almost twenty years after its initial construction [1] , no successful modifications of 11D supergravity with systematic (even perturbative) supersymmetric covariance exist to our knowledge.
We mention, however, an intriguing "glimmer of hope" for the off-shell formulation of 11D supergravity. It was observed that the on-shell superspace formulation of the 11D supergravity theory bore a strange resemblance to the on-shell superspace formulation of the 4D, N = 2 supergravity theory [12] . It was also noted that the difference between the on-shell and off-shell versions of 4D, N = 2 supergravity was the presence or absence of an auxiliary spinor superfield. On the basis of the similarity between the on-shell theories, it was suggested that an off-shell version of 11D supergravity would necessarily require the presence of a similar spinorial superfield. At that time it was proposed that a future investigation would be undertaken in this direction.
In this paper we take a significant first step toward the non-trivial off-shell generalization of 11D supergravity, motivated by the above indication in 4D, N = 2 supergravity. We will prove that there exist a solution of the 11D superspace Bianchi identities in terms of two algebraically independent superfields denoted by J α and W abcd . The latter is the the on-shell field which in a certain limit describes the purely physical and propagating degrees of freedom of 11D supergravity, and it is also an analog of the superfield W αβγ for 4D, N = 1 supergravity [13] . From a geometrical point of view, this multiplet can be called the 11D supergravity "Weyl multiplet". The second superfield J α is a superfield whose presence implies that the 11D supergravity theory described by our superspace construction is not an on-shell construction. It may be thought as the multiplet of auxiliary fields [11] for 11D supergravity. In the following we investigate some of the low dimensional auxiliary fields that it contains. We will not, however, be able to give a complete description of this superfield by the end of this present work.
Partial Auxiliary Field Structure for 11D, N = 1 Supergravity
Our guiding principle in superspace is as usual the satisfaction of the Bianchi identities (BIs):
which we call (ABC, D) and (A 1 · · · A 5 ) -type BIs 4 Our purpose is to satisfy these BIs at engineering dimensions of d ≤ 1, as the usual fundamental step of solving them [8] . An important guiding principle is to follow the method for the non-minimal 4D, N = 1 [12] theory, where a spinor superfield T α was introduced to generalize the system, and contains some of the auxiliary fields in component approaches. As an 11D, N = 1 analog of the T α -superfield, we introduce a spinorial superfield J α , whose first derivative takes the form
Here the subscript ⌊ ⌈ n ⌋ ⌉ stands for the totally antisymmetric indices such as a 1 ···an. In addition to J α we also introduce a fourth-rank tensor superfield W abcd that is independent of J α and contains the fields of the purely on-shell theory. In order to go back to the usual on-shell theory, we can just identify W abcd with the fourth-rank field strength F abcd , and set J α simply to zero. 4 For our conventions and notations, see the next section.
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We are now ready to present our results for constraints of d ≤ 1, which constitute the foundation of our modified theory:
3)
The Q's are not new superfields, but are just products of two J α 's defined by
Some remarks are now in order. We mention that this set of constraints can not be reduced to the original unmodified theory by Cremmer et al. [1] by any superfield redefinitions including super-Weyl rescaling [14] . This is critical for our system to really describe a new modification that is not trivially related to the conventional on-shell system.
Note that the superfields
⌉ are algebraically independent superfields, that play the roles of auxiliary fields in component formulations 5 . In this sense, our modified system already gives an off-shell formulation of 11D, N = 1 supergravity. Following 4D, N = 2 analysis [12] , we also introduce an independent superfield W abcd , which is an 11D analog of the tensor superfield W ab of the 4D, N = 2 theory. We have determined the constants in (2.3) such that the BI's of d ≤ 1 are satisfied. To be more 5 In fact, the quantity U ⌊ ⌈ 3 ⌋ ⌉ is the 11D analog of our 10D A ⌊ ⌈ 3 ⌋ ⌉ -tensor [8] .
specific, the BIs at d ≤ 1/2 require the forms of constraints as
where α, x, a 0 , · · · , a 10 , ξ 1 , · · · , ξ 5 are unknown constants. At d = 1, in the (αβc, d) -type BI the symmetric part (cd) in R αβcd should be excluded, and this fixes some of the a's.
⌉ , whose coefficients are required to vanish independently due to the algebraic independence of these superfields. Also to be used are the identities in (3.6) in order to have only independent terms with the U ⌊ ⌈ 3 ⌋ ⌉ and V ⌊ ⌈ 4 ⌋ ⌉ superfields, as well as the similar identity
At this point all the a's are determined uniquely together with α = 1:
The (αβcde) -type BI has also terms linear in these superfields, vanishing consistently with (2.7), and in particular, the constant x is now fixed to be x = 576. Note the curious fact that if we rewrite T αb γ using
The J 2 -terms can be fixed by the help of Tables 1 through 6 in the next section. All the ξ's are uniquely determined as
yielding (2.3).
Useful Relationships and Identities
Since the computations involved in our analysis are highly technical and lengthy, exposing some crucial identities will be of practical importance. First of all we give notational explanations about the products of our γ -matrices in 11D. Our basic anticommutator is {γ a , γ b } = +2η ab = diag. (+ − · · · −). Accordingly we have γ a γ b = +η ab + γ ab , where
, where the last expression needs an extra sign as usual [13] . Other important identities are the Fierz identities
We summarize the most useful identities in Tables 1 through 6 below, which will be of great importance, once we have understood the way to use them. Table 6 :
The method to use these tables can be clarified as follows. First, the X's are defined by
As is easily seen, the meaning of the indices on X ′ s denote the number of indices on the γ -matrices and Q's. Note that we need two γ -matrices for the second factors in X 143 and X 154 . This is necessary only when j>k for X ijk , and Q ⌊ ⌈ k ⌋ ⌉ (k<j) has no free indices. Similarly Y 's are defined by
The tildes on Y 's in Table 3 
The advantage of these tables is their compactness to convey so much information for long formulae as above. This can be realized, once we have fixed the convention for the indices on X's and Y 's with their contractions. Table 1 through Table 3 are for Q ⌊ ⌈ 3 ⌋ ⌉ , while Tables 4  through Table 6 Notice the important fact that not all of these X's are really independent. As a matter of fact, there exist two identities that relate these X's:
This can be directly confirmed by the use of the identity such as
We can see that the identities (3.6) are the only relationships among these X's, by solving simultaneous equations out of Tables 1 through 3 or Tables 4 trough 6 , respectively for X ij3 and X ij4 .
Another practical usage of these tables can be found even in the J -independent sector of the BIs. For example, in the (αβγ, δ) -type BI we encounter the crucial equation 8) but this turns out to be equivalent to (3.6b).
Finally we give here a useful applications of our symbols of X's to important identities.
They arise in the (αβγ, δ) -type BI for products of two J's:
(3.9)
Relationship with M-Theory
We now mention a possible important link with M-theory [5] , via the κ -symmetry [15] of supermembrane theory [4] . As suggested in the recent literature [16] , M-theory seems to be related to the existence of the supermembrane action in a supergravity background. Thus, there is an a priori possibility that our putative off-shell supergravity is in conflict with this requirement. This is exactly analogous to the non-trivial consistency confirmation between κ-symmetry of the 10D Green-Schwarz action and the low-energy dual formulation of the heterotic string first performed ten years ago [8] . So a good test of our off-shell supergravity proposal is to see if it is a consistent background for the supermembrane action and likely M-theory.
We recall that the supermembrane action [4] takes the form,
In our off-shell backgrounds (2.3), the κ -transformation takes the form [15] 
for the 11D superspace vielbein E M A with the coordinates Z M . In the invariance check we adopt the 1.5-order formulation, namely we can always use the algebraic g ij -field equation as the embedding condition [4] 
Now the κ -transformation of (4.1) yields new terms containing T cβ a and F abcδ :
Using (4.3) and (4.2a), as well as relations under (4.3) such as 5) we see that all the J -independent terms cancel each other as the usual supermembrane case [4] , while all the J -dependent terms are finally re-arranged into two kinds of terms proportional to J α Γ α β κ β and J α κ α , which turn out to cancel themselves. 7 The notation here is self-explanatory.
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The above discussion constitutes a proof of the fact that our off-shell supergravity formulation (2.4) can also provide a consistent background for the supermembrane action. This is necessary for there to be a link [16] of our off-shell system with M-theory [5] .
Concluding Remarks
In this paper we have given partial but explicit results for the beginning of a complete off-shell formulation of a 11D, N = 1 supergravity theory that is consistent with the κ -symmetry of the supermembrane action, interpreted as the desirable zero-mass limit of M-theory [5] . At this point in our understanding, all the off-shell effects are controlled by the spinorial superfield J α , which is an 11D analog of the superspace formulation of 4D, N = 2 supergravity developed in 1980 [12] .
Our result is certainly "a counter example" to the conventional myth that there can exist no off-shell formulation for 11D supergravity [1] with auxiliary fields. It has long been thought that due to the strict supersymmetry in the maximal dimensions (where the complete on-shell theory contains only gauge fields with no matter fields), there would be no generalization to an off-shell formulation. It is remarkable that to the orders we have checked, we have succeeded in overcoming this taboo by introducing two algebraically independent superfields W abcd and J α . The recent development in M-theory [5] has provided a strong motivation to put an end to such a myth, introducing some auxiliary fields that will be important to accommodate possible higher-order curvature corrections presumably generated from M-theory.
Our results stress the importance of the superspace formulation [13] of supergravity, which still remains as the most powerful tool for supergravity and related subjects even more than twenty years after the first discovery of superspace formulations [17] and supergravity itself [18] . This is because it is always the case both in superstring and supermembrane theories that the critical zero mass sector of a total theory is controlled by supergravity, whose understanding plays a key role in the formulations as field theories with which we can not dispense. Even though superspace formulations remain a tool, it contains still many mysteries that no one has completely mastered.
An important application of our result is its utilization via strong/weak duality [2] , namely a kind of dimensional reduction into 10D, N = 2 supergravity/superstring theory [3] should exist. In particular, we expect the structure of superstring corrections in 10D N = 2 system differ markedly from our previous proposals [8] [9] from those for the 10D, N = 1 superstring. With the reduction of our 11D results to 10D N = 2 theory, we at lasthave a geometrical superspace structure to control the appearance of the α ′3 ζ(3) terms [19] as the lowest order corrections instead of curvature square terms at O(α ′ ) known to occur in the N = 1 theory.
We also mention another attempt by one of the authors [20] in order to accommodate generalized Chern-Simons terms into 11D, N = 1 supergravity. In this formulation an eleventh-rank antisymmetric field expected in the M-theory arises naturally. Even though we do not know the direct link of our present off-shell formulation to this Chern-Simons modification [20] , we have an increased chance to find that all of these theories are related to each other in the context of M-theory [5] .
In closing, we do so on a note of caution also. For although we believe our observation is important, we know of at least two arguments that suggest that there must exist at least one other tensor superfield that will be required to have a completely off-shell formalism. This is to be expected even from the structure of the non-minimal 4D, N = 1 supergravity. There it is known that there are three algebraically independent tensors W αβγ , G . In future works, these aspects of the eleven dimensional theory will require further study.
We expect our explicit results to open completely new directions to be explored for superstring, super p-brane and supergravity theories. We have increased optimism for resolving long-standing problems in superstring theories such as the dualities and vacuum structures of superstring theory.
